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Summary. This work is devoted to study the deformation of spacetime metrics as gener-
alized conformal transformations. Some applications are also considered, in particular the
equations of motion in deformed spacetime are studied.
1 Introduction
Spacetime deformations are interesting to study in geometrical as well as in physical situ-
ations, as exact solutions of Einstein’s equations can be modified into new metrics which
better describe the physical observations. On the other hand since, according to the Gauss
law, given a two-dimensional metric g it is always possible find a scalar field such that g is
locally conformally flat, observing that conformal transformations are a particular case of
deformations, we show how Gauss law can be generalized to every couple of n-dimensional
metrics (g, h), deforming one metric into other by matrices of scalar fields. Finally, geodetic
motions of test particles into deformed manifold are considered, in particular lensing effects
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and gravitational redshift are studied. The equation of gravitational waves is also obtained
in the case of “small” deformation of the background.
2 Deformations
In order to define the deformation of a metric g on an n-dimensional manifold M [1, 5], let us
decompose it with a vielbein ωCa (e
a
C) as gab = ηABω
A
aω
B
b (g
ab = ηABeaAe
b
B). If φ
A
B is a scalar
fields matrix on M , we can define a deformed vielbein ω˜Ba ≡ ωAa φBA and e˜aA ≡ ψ BA eaB where
ψAB = φ
−1A
B (first deforming matrix). The following commutation relations for the deformed
basis hold
[e˜A, e˜B]
b
= ψ SA ψ
T
B [eS, eT]
b + 2ψ S[Ae
a
|Se
b
T
(
∂a|ψ
T
B]
)
A new metric g˜ is obtained as follows
g˜ab = ηABω˜
C
a ω˜
D
b , g˜
ab = ηABe˜aCe˜
b
D or equivalently g˜ab = GCDωCaωDb , g˜ab = GCDeaCebD,
where GCD ≡ ηABφACφBD and GCD ≡ ηABψ CA ψ DB (second deforming matrix). The set of first
deforming matrices form a right coset for right composition with Lorentz matrix in vielbeins
indices; the identity is the class of equivalence composed by the Lorentz matrices. Deforma-
tions should not be confused with diffeomorphisms. In order to understand better this point
let us write the metric g˜αβ = gµνφ
µ
αφ
ν
β where φ
a
b ≡ φABωBb eaA, then when the matrices φAB
define φαβ jacobian matrices then the metric g˜ab and the tensor gab are equivalent .
2.1 Deformations of three-dimensional metrics
Coll et al. showed in [2] that any three-dimensional metric can be locally obtained as a
conformal transformation of a constant curvature metric h summed to the tensor product of
a 1-form by itself, or g = σh+ ǫ s⊗ s, where ǫ = ±1 and σ is a scalar . Moreover, according
to Riemann’s theorem, a scalar relation Ψ(σ, ‖s‖) = 0 between σ and s has to be imposed
as the metric can be defined, at most, by three independent functions. We find the first
deforming matrix associated to the deformation g = σh+ ǫ s⊗ s, as
φAC =
√
σδAC + αs
AsC, where α is an arbitrary function of s and ‖s‖. (1)
2.2 Proprieties of deformed metrics
Conformal deformations are a particular simple example of deformations where the first
deforming matrix is ψCA = ΩΛ
C
A. More generally a metric h can be deformed in g by
g˜ab = gab + hab, g˜
ab = gab +Xab, (2)
where Xab is a tensor. In terms of the second deforming matrices GAB and GAB, the (2) reads
GAB = ηAB + CAB, GAB = ηAB +DAB with Xab = DABeaAebB. (3)
If Xad = −gabg˜cdhbc (DAD = −ηABGCDCBC) then Xabhbc = δac ( DABCBC = δAC), otherwise
Xabhbc 6= δac . In particular, given the matrix ϕ defined by φAB = δAB + ϕAB, the following
relation holds
GAB = ηCDφCAφDB = ηAB + CAB with CAB = ηCDϕCAϕDB
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, if ϕAA = 0, ϕ
A
0 = ϕ
0
A, ϕ
A
i = −ϕi A where i ∈ {1, 2, 3} or ϕBA =


0 a b c
a 0 d1 d2
b −d1 0 d3
c −d2 −d3 0

 where
a, b, c, d1, d2, d3 are six scalar fields defined on the manifoldM , these are just the right number
of degrees of freedom for a Riemannian 4–dimensional metric. More generally, deformation
g˜ab = Ω
2gab + hab, g˜
ab = Ω−2gab +Xab where Xad ≡ −Ω−2gabg˜cdhbc (4)
hab ≡ ηABϕACϕ BD ωCaωDb with φAB = ΩδAB + ϕAB extends the (1), and the Gauss law to any
couple of four–dimension metrics (g, h).
2.3 Gravitational waves
We consider the metric (2) as perturbation of the exact metric g, solution of Gab = 0, if the
scalar fields satisfy the following condition | CAB| ≪ 1 ∀A e B, where | CAB| = |ηCDϕCAϕDB|
is the module of the matrix element CAB(see also [1]). Therefore the perturbation of the
metric g is given by the tensor hab by the following: g˜ab = gab+hab, while, since in the given
approximation we have neglected the terms Xadhdc and habh
bd, we have g˜ab = gab − hab.
After some manipulation, adopting the same gauge choice as in [6] we obtain the wave
equation for the perturbation hac in the form:
∇b∇bhac = 2Rb dac hbd, ∇bgac = 0. (5)
From (5) we finally find the following wave equation:(
∇b∇bCAB
)
ωAaω
B
c = CAB
[
2Rb dac ω
A
bω
B
d −∇b∇b
(
ωAaω
B
c
)]
(6)
In particular, for deformation of the flat manifold the (6) is (∇b∇bCAB)ωAaωBb = 0.
2.4 Geodetic motion
In order to consider the geodetics in deformed spacetime let us take into account the metric
(2). The geodetic equation in deformed spacetime is
va∇˜avd = 1
2
g˜cd{∇ahcb +∇bhca −∇chba}vavb, ∇˜bg˜ac = 0 (7)
where va is the test–particle four–velocity. The (7) can be written also as
Xdc(hcb,a + hca,b − hba,c)vavb +Xdc(gcb,a + gca,b − gba,c)vavb+
+gdc(hcb,a + hca,b − hba,c)vavb = 0. (8)
In particular the geodetic motion in the spacetime endowed with (4) is described by the
following equation
vaC˜bacv
c = 2(lnΩ),vv
b − (gacvavc)
[
gbd∇d lnΩ +Xbd∇d lnΩ
]
+ 2va (∇a lnΩ) gdcXdbvc +
+
1
2
va [(∇ahcd)+ (∇chad)− (∇dhac)] vc
(
gbdΩ−2 +Xbd
)
.
where C˜ ac are the tensors defined as∇˜aωb = ∇aωb − C˜cabωc, ∇˜atb = ∇atb + C˜bactc.
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2.5 Lensing
The light propagation in the (M, g˜) can be described by the following lensing equation
dpα
dλ
+ Γ˜αβγp
βpγ = 0, or ∆py ≡ −
∫ +∞
−∞
Γ yβγp
βpγ dλ, (9)
where Γ˜αβγ are the connection coefficients compatible with a g˜ and p
α ≡ dxα/dλ is the
four–vector wave, λ is a parameter on the geodetic. We assume the trajectory is on xy plane
then, if the motion is initially parallel to the x axe, the deflection angle Φ can be expressed in
terms of py as p
y
px
= tanΦ ≃ Φ for Φ ≃ 0 and px is considered constant (Cf. [6]). We consider
the source very far from the observer and from the lens, consequently the four–momentum
py is given by the following integral along the trajectory.
δpy = −ηQP
2
∫ +∞
−∞
g˜yδ[∂β(ω˜
Q
γ ω˜
P
δ ) + ∂γ(ω˜
Q
β ω˜
P
δ )− ∂δ(ω˜Qβ ω˜Pγ )]pβpγdλ or also,
δpy = ∆py − 1
2
∫ +∞
−∞
[Xyδ(gδβ,γ + gδγ,β − gβγ,δ) + gyδ(hδβ,γ + hδγ,β − hβγ,δ)]pβpγ dλ+
−1
2
∫ +∞
−∞
Xyδ(hδβ,γ + hδγ,β − hβγ,δ)pβpγ dλ .
2.6 Schwarzschild lensing
A stationary distribution of matter constituted by a spherical symmetric body (Schwarzschild
lens) [4] is deformed as follows in the cartesian coordinate
d˜s
2
= A
(
1 +
2Φ
c2
)
c2dt2 − A
(
1− 2Φ
c2
)
δijdx
idxj (10)
In the approximation of weak field, holding if the considered distances are very much larger
then the Schwarzschild radius of the field, Φ = −GM/|x|is the gravitational potential asso-
ciated to the matter distribution, |x|2 = δijxixj . We obtain the following lensing equation
[4] de
dleucl
= − 2
c2
∇⊥Φ where ∇⊥Φ ≡ [∇Φ − e(e.∇Φ)], ek = dxkdλ is the spatial vector with
dl2eucl ≡ δijdxidxj . We considered the following two cases: for A = A(t) the lensing equation
became de
dleucl
= − 2
c2
∇⊥Φ− (∂0 lnA) e; for A = A(r) the equation became dedleucl = −∇⊥Φˆ
where Φˆ ≡ 2
c2
Φ+lnA. It is particularly interesting to note that the last transformation, that
is nothing more than a diffeomorphism, reduces itself, in the lensing effect to a redefinition
of the gravitational potential.
2.7 Geodetic deviation
A family γs(t) at one parameter s of geodetics of (M, g˜) is parameterized by the affine
parameter t in such a way that a point p ∈ γs(t) is well defined by the map (t, s)→ γs(t).The
separation among the two curves changes respect to the parameter t with a velocity va ≡
T b∇˜bSa given by the geodesic equation:
aa ≡ T c∇˜cva = −R˜ acbd SbT cT d = aa0 −R acbd SbT cT d, aa0 ≡ −R acbd SbT cT d. (11)
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where T a =
(
∂
∂t
)a
is four–vector tangent to the family of geodetics and the four–vector
Sb =
(
∂
∂s
)b
gives the infinitesimal displacement among two infinitesimal close geodetics,
R acbd is the curvature tensor. We finally find
aa = −2(∂[bC˜a|d|c] + C˜f[c|d|Γ˜ ab]f + Γ f[c|d|C˜ab]f )SbT cT d. (12)
2.8 Gravitational redshift
Consider two observers O1 and O2 at rest in the spacetime (M, g˜), where g˜ab = GABωAaωBb
is a static metric (−,+,+,+). O1 emits at P1 a light signal received by O2 at P2. In the
approximation of the geometric optic the light rays propagate in the spacetime (M, g˜) along
null geodetic. The frequency ν, the wave four–vector paand the four–velocity va are linked
by the relation: ν = −pava. From this we find the emission frequency ν1 and the frequency
of absorbing ν2 of the photons traveling between the two observers νi = −(pavai )|Pi where
va1 and v
a
2 are the four–velocity of the observers O1 and O2 respectively. Because of the
vectors va1 and v
a
2 are tangent to the Killing time–vector field ξ
a (ξaξa = g˜00),we find :
vai = [ξ
a/(−ξbξb)]|Pi Then using the property that the internal product between the vector
field ξa and the tangent field pa is constant along the geodetic we have in terms of the wave
lengths λ1 and λ2:
z ≡ λ2 − λ1
λ1
; z =
ν1
ν2
− 1 =
√
−GABωA0 ωB0 |P2√
−GABωA0 ωB0 |P1
− 1. (13)
3 Conclusion
In this work we deformed spacetime metrics using matrices of scalar fields. Such deformations
generalize conformal transformations. In particular we considered deformations as a gener-
alization of the Gauss theorem to every couple n-dimensional metrics. We focused on the
main features of deformed manifold showing, in particular, in what sense deformations differ
by diffeomorphism. The equation of gravitational waves in the case of “small” deformation
is obtained. Finally, we recover the equations of motion in deformed spacetime studying, in
particular, the lensing effects and gravitational redshift induced by deformations. Details on
the gravitational lens produced by deformations of the Schwarzschild metric are given, in
particular a conformal deformation of the metric induces a deformation of the gravitational
potential. The equation of geodetic deviation is also obtained. These considerations moti-
vated the idea that deformations can be used to adapt solutions of Einstein’s equations to
the cosmological observations and more generally to the experimental data.
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